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OLEHKA PEAJTBHOM CTOMKOCTH KPUIITOCUCTEMBI HA KPHUBOI1
SABAPIACA HAJL PACHIUPEHUSIMHY MAJIBIX MTOJIEN

PaccMoTpeHBI 31MEMEHTH apu()METHKH KPHUBBIX OBApAca HAJX PACIIMPEHHMSMH CTCIICHH /M MAaNbIX IOJCH
XAPAKTCPUCTHKH p > 3, C BOSMOYKHOCTHIO (DOPMHUPOBAHHUS 4-X 3aKOHOB CIIOKCHHA TOUCK. [IpemmoskeHa Moan(huKaIisa
METOJa PacucTa KBAJAPATHOTO KOpHA B mone F,”. JlaHa OLCHKA HE3HAUMTCIBHBIX NMOTCPh CIOKHOCTH HPOOICMBI

JTUCKPETHOTO JIOTAPH()MHPOBAHHS HA KPHBOM MOPAIKA +/2m , CBA3AHHAS C KJIACCAMH 3KBHBAJICHTHOCTH KPHBOIA.
Knrouesvie cnosa: >mmnTmdcckas kpunrorpadus, Kpuseie Dasapaca, dHIoMophu3M OpodcHUyCca, JUCKPHTHOS
norapu()MHPOBAHUC.

BBenenne. B nepcrniekTuBe 3HAUMTENbHAS YaCTh JJUTMNTUYECKONH KpUNTOrpaduu MOXKET OBITH
YCIICIIHO TMEePEeBEACHA C KIIACCHUECKON KaHOHMYECKOH (POPMBI KPUBBIX K M30MOP(HBIM KPUBHIM B
dopme Dnupapaca [1, 2]. Ora Oucummerpudnas Gopma KpuBOH (C ABOWHON CHMMeETpHEH TOYeK
OTHOCUTENIbHO OCell X M y), KpPOME YHHUBEPCAJbHOCTH 3aKOHA CJIOXKEHMsSI TOYeK, MPOCTOThI
NPOrPAMMHPOBAHUS U HAJIWYHEM KOOPAHMHAT HYJIEBOH TOYKH TPYIIBI, 00JanaeT pekopaHOW Ha
CEero/IHsI MPOU3BOAUTENBHOCTBIO [2, 5] M BBIMIPHILIEM B CKOPOCTH BBIYHCICHHHA NMPUOIM3UTEIBHO B
nosTopa pasa. He o4eHb BECOMBIM OrpaHHUEHHEM STOrO KJIACCa KPUBBIX SIBISIETCS 00s3aTeNbHOE
HaJIM4ue OJHOW TOUKM 2-TO MOPSAAKa U JIBYX TOUeK 4-ro Mopsiaka, IpU 3TOM NOPSAOK HauIydluei
KpuBOH Ng = 4n COAep)KUT MUHUMAJIbHBIA KOpakTop 4 (IIpH MPOCTOM 7).

B u3BecTHBIX cTaHAapTaxX SJUIUINTUYECKUX KPUIITOCUCTEM KPUBBIE C MOPSAIKOM 47 BCTPEUYarOTCs
JUIIb CPEAN KPHUBBIX HaJ paciiupeHHbMH mossiMu F,”. Jnsa kpusbix Dasapaca Han moismu F),”
npu p > 3 NpUXOAUTCS 3aHOBO pellaTh 3ajady IOMCKa KPUBBIX IMpHEMJIEMOro mopsnaka. B
aBTOPCKO# paboTe [3] mpennoxkeH mpocToil MyTh HAXOXKAECHUsST KPUBOH DIBapica MOYTH MPOCTOrO
nopsiaka 4n. Ilo ananoruu ¢ kpubiMu KoOnuia Han MOSISIMU XapakTEPUCTHKH 2, B paboTe HaiiieHbl
IB€ KpUBble DBapica MUHUMAJbHOTO nopsaka Ng; = 4 Haa ManbIMU pocTeiMu noisiMu Fs u Fr |
MOCJIe Yero pacCYUTaHbl MOPSAAKU STUX KPUBBIX HaJ PACIIMPEHMSIMH CTENEeHM m 3TUX MOJeH ¢
MOCJIENYIOUIECH CeNeKIUel MPU MPOCTBIX CTETCHSIX 71 TOIXOIALIEro MOYTH MPOCTOro nopsiaka 4n. B
pesyibraTte ObBLIM oOmnpeneneHsl W TaOyJUPOBAHBI TMOPSOKH HECKOJBKHUX KPUBBIX B 00Jactu
KPUNTOrpapuIeCKIX MPUIIOKEHUH.

IIpumenenue sunoMopduzmMa PpodeHnyca K TOUYKaM KPUBOH HaJ PACIIUPEHHSIMH IPOCTBIX
MOJIeN TMOPO’KAAET KJIAcChl 3KBUBAJCHTHOCTH [6], BeaylIMe K HE3HAUYUTEIbHOMY CHIIKCHHUIO
CTOHWKOCTH KPUNTOCHCTEMBL. B HacTosiiiel paboTe maHa OLiEHKA MOTEPbh CTOMKOCTH MPENIOKEHHBIX

B [3] KpUBBIX C Y4E€TOM aTaKu Ha KJIACCHI 3KBUBAJICHTHOCTH, MPOTIOPLIUOHANIbHAS /11 .

Apudmernka KpuBbIx IaBapaca. C TOYHOCTBIO 10 H30MopPH3Ma KpruBast aBapAca ¢ OTHIM
napamMeTpoM d HaJl KOHEUHBIM TOJIEM XapaKTePUCTHKHU p 7 2 3anaercs adUHHBIM ypaBHEHHEM

¥4yt (I+ds?),d(1-d)#0, d# &£, x,y.deF). (1

Bce Touku (x, y) kpuBOil Kak peleHus: ypasHeHus (1) Bcerna conepkar cieayrouiue 4 TOuku:
0=(0,1),D=(0,-1), F1 = (-1, 0), F2 = (1, 0). Ipyrux ToO4eK Ha OCSX X, y HE cylecTByeT. Hucmno
BCeX TOYeK Ny KpHBOil Ha3bIBAIOT ee mopsAkoM. KoopanHaTe x, y TO4eK Kak dneMeHTs mojst F,” B
ofmmeM ciydae SIBISIOTCS mM-MEPHBIMH BEKTOpaMu (WJIM IOJUHOMAaMH) C KOMIIOHEHTaMH U3
ocaoBHoro nouist F, (oHK MOryT ObITh Takske saemenTamu noamnosnei mons F,”).

Eciu 3akoH cnoxenns Touek P=(x,,y,) u O =(x,,y,) 3anatsb kak R =P+0=(x,,y;), rae

XVt XNV VWY, — XX, )

x b = b
( ’ y3) I+dxx,py, 1=dxx,»p,
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TO Touka () SIBJIAETCS HyJieM abeneBOH IpyIIbl TOYEK, TOYKa D — TOYKOW 2-TO mopsaka, a
touku F1 u F2 — Toukamu 4-ro nopsaxa. B cuny nBOMHONH CUMMETPUM MOXHO H3MEHUTb

T
PaCIoJIOKCHHUE OTUX 4-x TOYEK NMOBOPOTOM Ha YIJIbl, KPATHLIC Z, AJie 4ero  caeayer

TpaHCc(HOPMHUPOBATH 3aKOH CJIOKEHHS (2).
Hanpumep, npunumas smecto (1)

XX = WY, XY, X))
l=dxx,yy, 1+dxx,yy,

(x3,y3):

u Hymb rpymnel kak O = (1,0), nomysum (x,y,)+(1,0)=(x,»). CoorsercraenHo

/3
Pa3BOPAYUBAIOTCA HA YIOJ 2 U TOYKH 2-TO U 4-TO TIOPSIKOB.

[TomobubIM 00pa3oM MOXHO mpenctaBuTh 4 (OpPMBI IJII 3aKOHA CIIOXKEHHS TOYEK C
Pa3NMUYHBIMHU OmpeneneHusiMu Touku (). BaxHO TO, uTro BMecTO He uMeromed appUHHBIX
KOOPZAMHAT TOYKHU HAa OECKOHEUHOCTH Il KAHOHUYECKUX SJUTMITHYECKIX KPUBBIX MbI 37I6Cb UMEEM
TO4Ky () C KOOPIMHATAMH B POCTOM TIOJIE.

Cnenys yHUBeEpCalbHOMY 3aKOHY cCioXeHus (2), oOpaTHas ToOuUka OIpenenseTcs ¢

BEPTUKAJIIBHON CUMMETpUEH Kak —P= (—xl, » ) , ipu 3toMm P + (—P) = (0,1) = O. Hanomuum, ans
KaHOHWYECKHX KPHBBIX OOpaTHasi TOYKa CHMMETPUYHA TOUYKE F OTHOCHUTENbHO TOPH30HTAJIbHON
ocu x. Ha nuHusx | y | = | x | MOIyT JexaTh TOYKU 8-ro mopsiika (€ciyu OHU CyIIeCTBYIOT [4]).
Kaxxnas Touka He 8-ro mopsinka (x, ¥) C HeHyIeBbIMH KOOPIAMHATAMH MOPOXK/IAET CEMEHCTBO 13 8

TOUEK (ix,i y) , (iry,irx) , CBSI3aHHBbIE MeXXay coboi Toukamu O uiH 2-ro win 4-ro nopsiakos. K
npumMepy, cymma ezaumnsix Touek (x,y)+(y,x)= (1,0)= F2.

IIporpammHOe obecrieueHne omepanuii Ha KPUBOW COAEPKUT apU(PMETHKY HUKHETO YPOBHS
(ToneBbIe omepauny CIOXKEHHsI, YMHOKEHHUS, YKCTIOHEHIIMPOBAHUS, HHBEPCUH) M BEPXHETO YPOBHS
(cyMMa ¥ yIOBOEHHE TO4YEK, CKaispHoe mpomsBeneHue kG). Ilociae HaXOXAeHUS] TPUEMIIEMOTO

nopsiaka 4n kpuBoi (cM. [3]) HETpUBHUANTBHON 3a7a4uei SABJSIETCS onpeneneHne Touku G = (xo, yo) —
reHepaTopa KpUNTOCUCTEMBI IIPOCTOTrO MOPSAKA A.

B KkauecTBe MIIIOCTPALUH DACCMOTPHM KpuByr x°+y= 143x*y’ B pacumpennn Fs’
creneHu m = 5 ¢ nopsiakoMm Ng= 4n, n =761 [3].

[IpuMUTHBHBIN MOJMHOM B 3TOM Clly4ae MOXKHO Haitw B [7], BeiOepeM f(z) = Z + 4z + 2 (ero
KOPeHb O, mMeeT mopsimok 5° — 1). Ilpu crmyuaiinom BeiGope x u3 ypasrerms (1) Haxomum

-1
2 2 2 ) o
yo = (l—x )-(1—3x ) , TIOcle 4Yero, monmaras a=)°, Hano0 HAWTU KBaApPaTHBIA KOpPEHb
y=A+a mod(S5 —1). Ero moxHO HaliTu MeTOAOM 3KCIIOHeHIupoBaHus [6]. Umeem p =5 = 1mod4,
g = 5° = 5mod8. B MyILTHIUIHKATHBHOM IPyIIIe MOt F,, ecmn a = y* — KBAAPATHUHbIH BBIUET,
B3
3JI€MEHTHI NOArpyMIbl F5 MOXKHO BRIpa3uTh

q-1 q-1

I
-E=5, 6% 2,

TOTAa
—1 q+3 1 q+3

a=8a-a‘= 8-a* >y D2-a’

IIpunumas x = o = 01300, nosyuuM )y = 03342 (mmanmmii paspsg — cnpasa). [logcranoBka
3TUX KoopauHart B (1) maet ToxxaecTBo. CKalsipHOE YMHOKEHHE 3TOM Touku P = (X, y) Ha YUCJO n =
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761 paer Touky 4-ro mnopsiika, MO3TOMY HCKOMBIN reHepatop G = (xo, yo) =4P, x,=11321,

¥, = 22310. IIpu nposepke nonydaem nG = O.

duaomopdusm PpodeHuyca ToUeK KPUBOH U OLIEHKA CTONKOCTH. V3BECTHBIM CBOMCTBOM
nis onepauuii B ione F,” siBnsiercst pasenctso (a + by = & + b [7]. Ans kakmoi To4ku KpuBoit Q
= (x, y) orobpaxenue O(Q) = (¥, /') ompenensiercst kak sHoomopPuszm Dpodenuyca, npudem
(o((o(Q)) =’ (Q) = (x”2 ,y”2 ) , W T.JO. DIeMeHTbl IIOJIst x,x”,x”2 ,x"3 ,...,x"mil Ha3bIBAIOT
CONPAJICeHHbIMU, WX YHUCJIO TIPU TPOCTBIX CTEMEHSX m PacIlIupeHuid moyis paBHO m. Bo3Boxs
MOCJIeN0OBaTeNbHO ypaBHeHue (1) B cTeneHu p, pz, p3 U T.1., C y4€TOM paBeHCTBA d ¥ = d, MbI BUAUM,
4yT0 3HAOMOpu3M PpobeHunyca oToOpakaeT OOy TOUKY KPUBOM DABapAcCa B Pa3IMYHbIE TOYKU
ATOM ke KPUBOM, 00pa3yIoIIne KIACC IK8UBAIEHMHOCMU 00beMa m.

Tak kak oroOpaxkenue ¢(Q) MOPOKOAET TOUKY TOrO K€ MOPSAIKA, KaK y TOYKH (J, MOXKHO
3ammcarh paBeHcTBO ((Q) = AQ TPH HEKOTOPOM EIMHCTBEHHOM LeoM A. Otciona crenyer: ¢X(Q)
=2%Q, 9’ (Q) =1°Q, ..., 0" (Q) = A" 0, mpuuem ¢"(Q) = A"Q = Q. Eciu nopsinok OrdQ = OrdG
= n, TO TOPSIOK A KaK 3JIEMEHTA MYJIbTUIIMKATUBHOHW rpymnmbl mojsi F, paBeH m , W, TaKuM
obpasom, m|(n — 1). CnemnoBarenpbHO, MOXKHO O€3 Tpyda HaWTH OOWUH W3 3JeMeHTOB moyisi F,

n—1
nopsiaka m (Kak g ” T[pH IPUMHTHBHOM 3JIEMEHTE a ), TOTIA TIPU IPOCTOM /71 BCE CTENEHH 5TOrO
3JIEMEHTA JAIOT 3JIEMEHTHI MOAIPYIIIBI OPSIIKA /1, KOTOPBIE COBMANAIOT C deMentamu {1, A, A%,
S
Jlns Todek nopsinka n sHnoMopdusM @pobeHnyca yAOBIETBOPSIET YPaBHEHUIO [6]

¢*(Q) - 10(Q) + pQ =nQ =0,
KOTOPOMY, B CBOKO OUEPEAb, OTBCHACT XaPAKTCPUCTUICCKOEC YPABHCHUEC!
A —th+ p=0modn. (3)

3nech ¢ — cien ypasHeHHs @pobeHnyca Touek KpUBOH Hajx OCHOBHBIM mosieM F,, paBHbII B
MIPUBEEHHOM BBILIE IpuMepe ¢ = 2 J1J1s1 KpuBoH Dasapiaca Haj noseM Fs.

Bospamasice x 3TOoMy npumMepy, npu p = 5 u n = 761 nonyunm pemenue ypasHenus (3) A =
684. B nione F76; Ordh = m = 5, crenern ', i = 0.. .4, pasHbI {1, 684, 602, 67, 168}. Iloarpymnmna
TOYEK KJ1acca HKBUBAJIEHTHOCTHU JJIs1 TOUKU G BKIIFOYAET TOUKH:

G = (11321, 22310),
o»(G) =AG = (13102, 21441),

®*(G) =A*G = (10203, 20113),
0(G)=1G= (12102, 24432),
0 (G)=0\"G= (14331, 23312).

Uncno pa3nuyHbIX KJIACCOB 3KBUBAJIEHTHOCTH Ul OATPYHIBI ToUeK <G> MOpsiaKa # PaBHO
(n — 1)/m. Tax xak BHyTPHU KJIACCOB 3KBUBAJCHTHOCTH TOUKH CBSI3aHBI JIETKO PACCUUTHIBAEMBIMH
COOTHOIIGHUSIMH,  SKCIIOHCHIMAJIbHASI  CIIOKHOCTb  PEUICHUsT  HpoOiemvl  OUCKPEmHO20
noeapugmupoeanusi (DLP) momaeiM mepebopom cHimkaercst ¢ O(n) no O(n/m), a ¢ yderom
obparnbeix Touek — 10 O(n/2m). Hanbonee spdexruBHbI Ha ceromaus p-meton [lommapaa pemeHus

DLP mnoHmxkaer CIOXKHOCTb OT 0(\/;) [6] mo 0(\/n/ 2m). DTO CpPaBHUTEIBHO HeDOJBINOE
CHIDKEHHE CTOMKOCTH Kkpunrtocuctem. Hampumep, mpu p = 5 u m = 181 mnoteps CTOMKOCTH
COCTABIISIET BendmHy /362 =19 =4 6ur npu ~/n =+/5™ =210 6ur.

19



BmMecTte ¢ TeM 3aMeTUM, YTO YBEIMYEHHE XaPaKTEPUCTHUKU MOJS p MO CPABHEHHIO C MOJEM

XapaKTEPUCTUKU p = 2 BeNeT K CPABHUTEIBHOMY CHHUKEHMIO NMOTEPb CTOMKOCTH 3a CUET KJIacCOB
. . . 181 42

SKBUBAJIEHTHOCTU. JIeMCTBUTENBHO, NMPU PABHOW CTOMKOCTHM M PAaBEHCTBE 5 81 = p#0 OTEPU

croiikoctu s ons Fy” cocrapar +/840 =29 =5 6ur. SIcHO, 9TO € POCTOM p U m Pa3HHULA B 3TUX
HE3HAYUTENIbHBIX ITOTEPSIX HAPaCTaeT.

Boo01ie roBopst, BOIpoC 0 CHIKEHUH CTOWKOCTH KPUBBIX DJIBAPICa HAJl PACIIMPEHUEM MaJIbIX
noJieli MOYKHO CUHTATh CHOPHBIM. J{JIs1 KpUBBIX HaJ OONBLUIMMH MPOCTBIMU MOJISIMH, i€ HET 3TOU
caboCTH, TOYHO TaK JK€ MOXKHO MPEABBIYUCICHUSIMH HAHTH HEKOTOPOE OrPaHUYEHHOE pecypcamu
MaMSITH YUCIIO OTIOPHBIX TOUYEK-MapKepoB k;G, KOTOpble OyIyT MOJIE3HBI AHAUTHKY Uil CHUKESHUS
cinoxkHoctd DLP. D10 BbIpaBHMBaeT yCiOBUs AJsl KPUIITOAHANN3a KPUBBIX HAJl pacIlIMpPEHUsIMU
MaJIbIX MOJIEH U KPUBBIX HAaJ MPOCTBIMU MOJISMHU.
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